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g-DEFORMATION OF MEROMORPHIC SOLUTIONS OF LINEAR 
DIFFERENTIAL EQUATIONS. 

THOMAS DREYFUS 


Abstract. In this paper, we consider the behaviour, when g goes to 1, of the set of a 
convenient basis of meromorphic solutions of a family of linear g-difference equations. 
In particular, we show that, under convenient assumptions, such basis of meromorphic 
solutions converges, when q goes to 1, to a basis of meromorphic solutions of a linear 
differential equation. We also explain that given a linear differential equation of order 
at least two, which has a Newton polygon that has only slopes of multiplicities one, and 
a basis of meromorphic solutions, we may build a family of linear g-difference equations 
that discretizes the linear differential equation, such that a convenient family of basis of 
meromorphic solutions is a g-deformation of the given basis of meromorphic solutions of 
the linear differential equation. 
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Introduction 

Let g > 1 be a real parameter, and let us define the dilatation operator a q 

■= f(qz)- 

When g tends to 1, the g-difference operator 5 q := [y “tends” to the derivation 
5 := z-j;. Hence every differential equation may be discretized by a g-difference equation. 
Given a linear differential equation A, and a basis of meromorphic solutions of A, we 
wonder if we can build A qi family of linear g-difference equations that is a g-deformationQof 
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‘Throughout the paper, we will say that the family of objects ( X q ) q>1 is a g-deformation of the object 
X , if X q converges, in a certain sense, to X, when q —> 1. 
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A, and a convenient family of basis of meromorphic solutions of A q , that is a (/-deformation 
of the basis of meromorphic solutions of A. The goal of this paper is to give an answer to 
this problem. 

* * * 


Let us consider 


I S q Y{z,q) = B(z)Y(z,q) 
\ 5Y(z ) = B(z)Y(z), 


where B(z), is a m by m square matrix with coefficients that are germs of meromorphic 
functions at z = 0. We are going to recall the main result of jSauDOj in the particular 
case where the above matrix B(z) does not depend upon q and q > 1 is real. In jSauOO] . 
Sauloy assumes that the systems are Fuchsian at 0 and the linear differential system 
has exponents at 0 which are non resonant (see jSauOOj . §1, for a precise definition). 
The Frobenius algorithm provides a local fundamental solution, i.e, an invertible solution 
matrix, at z = 0, < f > o(£) ) of the linear differential system 8Y(z) = B(z)Y(z). This solution 
can be analytically continued into an analytic solution on C*, minus a finite number 


of lines and half lines of the form M>oa := j xct x £]0, oo[| and M>i/I := jx/3 x E [1, oo[|, 
with a, (3 £ C*. Note that in Sauloy’s paper, the lines and half lines are in fact respectively 
(/-spirals and g-half-spirals since the author considers the case where q is a complex number 
such that \q\ > 1. 

In [SauOOj . §1, the author uses a (/-analogue of the Frobenius algorithm to construct a 
local fundamental matrix solution at z = 0, d>o(z, q), of the family of linear g-difference 
systems 5 q Y(z,q) = B(z)Y(z,q), which is for a fixed q, meromorphic on C* and has 
its poles contained in a finite number of (/-spirals of the form q^a := {q n a, n £ Z} 
and := {q n /3, n £ N*}, with a, [3 £ C*. Sauloy proves that T>o(-s, (?) converges 
uniformly to 4>o(z) when q —f 1, in every compact subset of its domain of definition. 


The problem in the non Fuchsian case is more difficult. Divergent formal power series 
may appear as solutions of the linear differential systems, but we may apply to them a 
Borel-Laplace summation process in order to obtain the existence of germs of meromorphic 


solutions on sectors of the Riemann surface of the logarithm. See |Bal94, Ber92l [LR90, 


LR95, Mal95l MR921 Ram93l RM90, Sin09l vdPS03 . The same situation occurs in the 

(/-difference case. See [Bez92, 

Bugll 

DSK05, DVRSZ03, DVZ09, Drel4a, Drel4bl MZ00, 

Ram921 RS07, RS09, RSZ13, RZ021 SaufMbl SaufMal 

Trj33, vdPR07, Zha99, ZliaOO, ZhaOll 


Zha 02l IZhaf)3] . Let us give more precisions on [RSZ13]. We refer to f|2]for more details. 
The authors of [IIS Z131 consider a linear (/-difference system having coefficients that are 


germs of meromorphic functions, and having integral slopes. See |RSZ13) . §2.2, for a 
precise definition. In this case, the work of Birkhoff and Guenther implies that after an 
analytic gauge transformation, such system may be put into a very simple form, that is 
in the Birkhoff-Guenther normal form. Moreover, after a formal gauge transformation, 
a system in the Birkhoff-Guenther normal form may be put into a diagonal bloc system. 
Then, the authors of (RSZ13] build a set of meromorphic gauge transformations, that 
make the same transformations as the formal gauge transformation, with germs of entries, 
having poles contained in a finite number of (/-spirals of the form q z a, with a £ C*. 
Moreover, the meromorphic gauge transformations they build are uniquely determined by 
the set of poles and their multiplicities. 

* * * 

The paper is organized as follows. In ^l] we make an overview of the local study of the lin¬ 
ear differential equations. In particular, we remind how a meromorphic linear differential 
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operator may be factorized, with formal power series, or with germs of meromorphic func¬ 
tions on some sectors of the Riemann surface of the logarithm. Given a linear differential 
equation, with coefficients that are germs of meromorphic functions, we also remind the 
existence of basis of solutions that are germs of meromorphic functions on some sectors of 
the Riemann surface of the logarithm. In ^2] we summarize the work of jRSZ13j . We recall 
how they attach to a convenient linear ^-difference system, a set of meromorphic funda¬ 
mental solution. In we explain how, under convenient assumptions, we may express 
the meromorphic solutions of jRSZ13j . using Jackson integral, that is a (/-discretization of 
the clas sical integral. In ^4] we consider q as a real parameter we ma ke converges to 1. 


In 14.1 


we prove a 


preliminary result of confluence^] See Theorem 4.5 for a more precise 


statement. 


Theorem. Let us consider a linear differential equation A and a family of linear q- 
difference equations A q that discretizes A. Then, under convenient assumptions, a family 
of basis of meromorphic solutions of A q given by |RSZ13j . converges, when q goes to 1, to 
a basis of meromorphic solutions of A. 


We apply the above result in 14.2, in a particular example, and in 14.3 where we prove 
our main result. See Theorem 4.15 for a more precise statement and fvdPS03] , §3.3, for 
the definition of the Newton polygon. 


Theorem. Let us consider a linear differential equation A of order at least two, assume 
that its Newton polygon has only slopes of multiplicities one, and let us fix a certain basis of 
meromorphic solutions of A. Then, there exists A q , family of linear q-difference equations, 
that is a q-deformation of A, and there exists a family of basis of meromorphic solutions of 
A q given by [RSZ13] . that is a q-deformation of the given basis of meromorphic solutions 
of A. 


Note that we construct explicitly the family A q , and the family of basis of meromorphic 
solutions of A q . Remark also that confluence problems in the non Fuchsian case were 
considered in the papers [ DVZ09. Drel4bl lZha02l . but this article is, to the best of 
our knowledge, the first to give a confluence result of the solutions built in (RSZ13) 
in the case where the linear (/-difference equations have several slopes. We refer to 
Remarks 4.8 and 4.9 for a rough statement of the results in jDVZOJt lDre!4b] . Note 
also that the results of fDVZOfll are deeply used in 14.3, in order to construct the family A q . 


Acknowledgments. The author would like to thank Jean-Pierre Ramis and the anony¬ 
mous referees, for their suggestions to improve the quality of the paper. 


1. Local study of linear differential equations 

In this section, we make a short overview of the local formal and analytic study of linear 
differential equations. See [ vdPSf)3] for more details. 

1.1. Local formal study of linear differential equations. Let C[[z]] be the ring of 
formal power series, C((z)) := C[[z]][ 2 ; _1 ] be its fraction field, 5 := z^, and consider a 
rnonic linear differential equation in coefficients in C((z)): 

(1.1) P(y) = 0. 

Once for all, we fix a determination of the complex logarithm over C we call log. For 
a £ C, we write z a := e alog ^ z \ As we can see in vdPS03 , Theorem 3.1, there exist 


^Throughout the paper, we will use the word “confluence” to describe the g-degeneracy when q —> 1. 
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/!,•••, fm£ U C((V /i ')), 

t/GN* 


such that we have the factorization 


Moreover, for all 1 < j < k < m, vq < vq (^fkj , where vo denotes the z-valuation. 
It follows that (1.1) is equivalent to 


( 1 . 2 ) 


SY = CY, where C := 


(fi 1 


\o 


0 \ 

1 

fmj 


Until the end of the section, we are going to assume that /i, •.., f m £ C ((z)). 
The goal of this subsection is to give an explicit form of a fundamental solution for 0 
in coefficients in a field we are going to introduce now. 


Let 


E :=z 


— 1/7 


-1 


We define formally the differential ring, 


R:=C((z)) 




with the following rules: 
(1) The symbols log, 



z a = z a £ C((z)) for a € Z, 
(2) The following rules of differentiation 
5 log = 1, 5z a = az a , 


„ only satisfy the following relations: 
age 

e ^Ai + A 2 ) = e ^Ai^ e (A 2 ) , 

e(0) = 1. 

Se (a) = <5 (a) e (a) , 


equip the ring with a differential structure, since these rules go to the quotient as 
can be readily checked. 

Proposition 3.22 in jvdPS03] tell us that the ring R is an integral domain and its field of 
fractions K has field of constants equal to C. 

Let L £ M m (C), that is a complex m x m matrix. Let L = P^D + N^JP^ 1 , 

with D = Diag d{ £ C, N nilpotent, DN = ND and P £ GL m (C), that is a com¬ 
plex invertible m x m matrix, be the Jordan decomposition of the square matrix L. We 
construct the matrix 


z L := .PDiag e^P” 1 £ GL m (K). 

One may check that it satisfies 

5z L = Lz L = z^L. 

Of course, if a £ C and (a) £ Mi(C) is the corresponding matrix, we have z a = z^ a \ 

Note that the intuitive interpretations of these symbols (resp. of the matrix z L ) 
are log = log(z), z a = e alog ^ and e ^ = e A (resp. is e Ll ° 9 ^). Let / be one these above 
functions (resp. an entry of the above matrix). Then / has a natural interpretation as 
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an analytic function on C, where C is the Riemann surface of the logarithm. We will use 
the analytic function instead of the symbol when we will consider asymptotic solutions 
in §1.2| For the time being, however, we see them only as symbols. 


Let us consider (1.2). The Hukuhara-Turrittin theorem (see Theorem 3.1 in [vdPS03| 
for a statement that is trivially equivalent to the following) says that there exists a fun¬ 
damental solution for (1.2) of the form (for k E N*, Id K denotes the identity matrix of 
size k) 


H{z)T>\ag[z Ll e{x^j x Id mi ,... ,z~ r e 


lz Ll e 


:= H(z) 


( Al 


M 


x Id. 


x Id. 


m\ 


\ 


z Lr e 


(A r ) 


x Id. 


where 

. H E GL m (c ((z)) ), 

• Lj E M mj (C), for 1 < j < r with J2 m j = m, 

• A j E E, for 1 < j < r. 


Note that the Hukuhara-Turrittin theorem works also for an arbitrary linear differential 
system in coefficients in C((z)) with integral slopes. See jvdPS03j . §3.3, for a precise 
definition. 


1.2. Local analytic study of linear differential equations. Let C{z} be the ring of 
germs of analytic functions in the neighbourhood of z = 0, and C({z}) be its fraction 
field, that is the field of germs of meromorphic functions in the neighbourhood of z = 0. 
If a, b E M with a < b, we define A(a, b ) as the ring of functions that are analytic in some 
punctured neighbourhood of 0 in 


S(a,b ) := jz E C arg(z) E]a,6[|. 


In this subsection, we assume that Q is a linear differential equation having coefficients 
in C({z}). We are interested in the existence of a basis of solutions of (1.1), that belongs 
to A(a, b), for some a < b. 


We define the family of continuous map (p a 

o a log(z) 


'a£ €> 


from the Riemann surface of the 


logarithm to itself, that sends z to e a “stN. One has Pb ° Pc = Pbc for any 6, c E 
For / E Al(a, b ) and c E C, we define p c (/) := f{z c ). 


Definition 1.1. (1) Let k E N*. We define the formal Borel transform of order k, Bk as 
follows: 


B k 


c[N] 




c[[C]] 

E- 


ai 


£gn ■ 


0 + i) 


where F is the Gamma function. 

(2) Let d E M and k E N*. Let / be a function such that there exists e > 0, such 
that / E A{d — e, d + e). We say that / belongs to H^, if / admits an analytic continuation 
defined on S(d — e,d + e) that we will still call /, with exponential growth of order k at 
infinity. This means that there exist constants J, L > 0, such that for £ E S(d — e, d + e): 


1/(01 < Jexp(L|C| fc ). 
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(3) Let d G M and k G N*. We define the Laplace transformations of order 1 and k in the 
direction d as follow (see |Bal94j . Page 13, for a justification that the maps are defined) 

Cf : If - 


A(d-l,d+l) 


i 


-1 


/( C)e (*)d(, 


C d k : M d 


•A (d -2k ’ ^ + 2fc ) 
Pfc O cf o Pl/fc (5) • 


(4) Let d G I 
case, we set 


k G N* and h G C[[z]]. We say that h G Sf if B k (ji) E C{z} n Hf. In this 




7T 7T \ 


(5) Let dGl and h G C((z)). We say that h G MS if there exist fci,..., k r G N*, IV G N 
and Lfc, G Sjj! ,..., h kr G § d such that 2:^/1 = h kl + ■ • • + In this case, we set 

(h) :=z- N S d (h kl )+--- + z~ N S d (h kr ) eA (<*“ j), 

where e := max(fci,..., fc r ). 


We still consider (1.2). Let LI be the matrix given by Hukuhara-Turrittin theorem. Note 


that the next theorem works also for an arbitrary linear differential system in coefficients 
in C({z}) with integral slopes. 


Theorem 1.2 ( |Bal94j . Theorem 2, §6.4, and Theorem 1, §7.2). There exists S C M, 
finite modulo 27rZ, called the set of singular directions of (1.2), such that for all d G M\E, 
the entries of '■= H and belong to MS . Let S d (^H^j := S d (^Hj tk ^- 


Moreover, there exists e > 0 such that we get an analytic fundamental solution 
S d Diag fe Ll lo s( z ) e * lXldm i 


gZ/ r log(^) gAr Xld 77 T, r 


G GL m ( A ( d — —, d + — ^ 


7 r 7T \ 

for the linear differential system having coefficients in A [ d — —, d + — j 


(S d (/ 1 ) 


(1.3) 5Y = S d (c) Y, with S d (c) := 


1 


V 


0 


S c 


0 \ 


(/m)/ 


Note that for all d G M \ S, we have also 

P=(S-f m )...{6-f 1 ) = (5-S d (f m ))...(5-S d (A)), 


which gives us an analytic basis of solutions of ( 1 . 1 ), that belongs to the 
ring 


As a matter of fact, as we can see in Page 239 of |vdPS03j . 

S d (#) Diag (e Zl i°g(^) e ^ xId -i,..., i°g(*) e Vxid mr ^ G GLm ^4 ^ _ ^,d l+1 + > 

where the directions di, di + 1 G E are chosen such that ]di, d, + i[ns = 0. 
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Note that by definition, the analyticity holds on a subset of C. Ramis has used the 


family of solutions ^ S d (^H^j Diag ^ 


,L i log(z) Aixld 

r? 


gZ/ r log(^) gA r X Id. mr 


)) 


deK\E 


to build 


topological generators for the local differential Galois group of ( 1 . 2 ). See Chapter 8 of 
|vdPS03j for more details. Remark also that the above family of solutions are involved 
in the local analytic classification of linear differential equations in coefficients in C({z}) 
with integral slopes. 


2. Local study of linear (/-difference equations 

In this section, we make a short overview of the local formal and analytic classification 
of linear (/-difference equations. See (R.SZ13 1 for more details. 


2.1. Local formal study of linear (/-difference equations. Let q > 1 be fixed. Let 
us consider the rnonic linear (/-difference equation in coefficients in C({ 2 ;}) 


Q{y ) = o. 

As we can deduce from jMZOO] , §3.1, a (/-difference operator may be factorized: there exist 
9i, ■ ■ ■ ,9m G C({z 1 / l '})\{0}, for some v £ N*, with for all 1 < j < k < m, v 0 (</,) < v 0 ( g k ), 
such that 

Q = (&q — 9m) ■ ■ • (<T(j — 9l)- 

The ^-difference equation Q(y) = 0 is equivalent to P(y ) = 0 with (remind that 5 q = 

P ■= (S q - fm)■■■ (Sg ~ fl) , 

where f x := ^,..., f m := 

Until the end of the section we will assume that </i,..., g m £ C({ 2 :}) \ {0}. 

It follows that P(y) = 0 is equivalent to 


/l + (q-l)fi q - 1 


0 \ 


( 2 . 1 ) a q Y = CY , where C := 


V 0 


q- i 

i + (q — Y}f m ) 


Remark 2.1. The opposite o£vo(gi),...,vo ( g m ) equal to the slopes of Q. The multiplicity 
of the slope —vq (gj) for 1 < j < m corresponds to the number nrij £ N, of gt having 
valuation vq ( gj ). See |RSZ13l . § 2 . 2 , for a precise definition. 

Let Kq be a sub-field of C((z)), stable by a q . Let A, B £ GL m (A'o)- The two q- 
difference systems, a q Y = AY and a q Y = BY are equivalent over Kq, if there ex¬ 
ists P £ GL m (Ao), called gauge transformation, such that 

A = P[B] aq :=(a q P)BP-\ 

In particular, 

a q Y = BY «<=> a q ( PY ) = APY. 

Conversely, if there exist A,B,P £ GL m (Jio) such that a q Y = BY', a q Z = AZ and 
Z = PY, then 

A = P[B] aq . 

Note that the next theorem works also for an arbitrary linear (/-difference system in coef¬ 
ficients in C((z)) with integral slopes. From [RSZ13) . § 2 . 2 , we may deduce: 
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Theorem 2.2. Let C be defined in (2.1). We have existence and uniqueness of 

• Bj E GL m; (C), matrices in the Jordan normal form with J2 m j = m , 

• hi <■■■< /jL r elements of Z, 

• G G GL m ^C ((z)) ^, with diagonal entries that have z-valuation 0 and that have 
constant terms equal to 1, 

such that: 

C = G [D] , where D := Diag (Biz^ 1 , ..., B r z ^ r ) . 


Remark 2.3. The opposite of the fij are the slopes of the Newton polygon of (2.1) and 
the rrij are the corresponding multiplicities. See (RSZ13j . § 2 . 2 , for a precise definition. 
In particular, the above theorem gives the local formal classification of linear (/-difference 
systems with integral slopes. See |vdPR07! for the local formal classification of linear 
(/-difference systems in the general case. 


2.2. Local analytic study of linear (/-difference equations. 

Definition 2.4. We say that T E GL m (C(z)) is a Birkhoff-Guenther matrix, if there exist 
Hi <■■■< Hr elements of Z, mi,..., m r positive integers which sum is m, Bj E GL mj (C), 

l^k 1 

Uj t k, mnj times mk matrices with coefficients in ^ C z v , such that 

V =H 

fz^Bi .\ 


T = 


U. 


j,k 


V 


0 


z^ r B 7 


The next theorem says that after an analytic gauge transformation, we may put (2.1) in 


the Birkhoff-Guenther normal form. Note that the result is true for any linear (/-difference 
system in coefficients in C({z}) having integral slopes. This result is used in [RSZ13I to 
make the local analytic classification of such (/-difference systems. From |RSZ13] . §3.3.2, 
we may deduce: 


Theorem 2.5. Let C be defined in (2.1). Let hi < ■ ■ • < Hr, mi ■ ■ ■ ,m r and B i,, 


B r 


We have the existence of a unique pair ( F,T ), where 


be defined as in Theorem 2.2. 

F E GL m ^C({ 2 :})^, T is a Birkhoff-Guenther matrix of the form 


GJ l> B x 


T := 



such that 


C = F[T] a . 


Let us introduce some notations. Let ,A4(C*) (resp. ,A4(C*,0)) be the field of rnero- 
morphic functions on C* (resp. meromorphic functions on some punctured neighbourhood 
of 0 in C*). Let Kq be a sub-field of ,A4(C*,0) stable by a q . Let A, B E GL m (Ko). The 
two (/-difference systems, a q Y = AY and (r q Y = BY are equivalent over Kq, if there 
exists P E GL m (R'o), called gauge transformation, such that 


A = P[B\a q ■= ( a q P)BP 


-l 
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Let us define EcC*, finite modulo g , as follows (see Theorem 2.2 for the definition of 
the matrices B\,... ,B r and the integers ,fj, r ): 

S := [J Sj t k, where Sj^ '■= a E C* q l a~ flj Sp(Bj ) n g z a _/ifc Sp(i?fe) ^ 0 | , 

l< 7 </c<r 

and Sp denotes the spectrum. 


Theorem 2.6 ([ RSZ13] . Theorem 6.1.2). Let D , T be the matrices defined in Theorems \2.2\ 
and 2.5. For all A E C* \ £, there exists an unique matrix 

/id. 

H [x] := 


x rri\ 




V o 


GL m (.M(C*)), 


Id m r J 


solution of T = H^[D\ CT , such that for all 1 < j < k < r, the germs of the entries of 


H^jk a t 0 have all their poles on —A with multiplicities at most m- — Hj. 
In §3.3.3 of |R,SZ13j . it is shown the existence and the uniqueness of 


/Idmi 

HjA 

EGL m (c[[z]]) 

V 0 

Id 



H := 


formal gauge transformation, that satisfies 

T = H[D\ aq . 

The matrix is g-Gevrey asymptotic to H := J^eeN-Hez^ along the divisor —Ag z . 
This means that for all W C C*, open set that satisfies inf 2 . gW ,-^ g _ Ag z 1 — | >0, there 
exists M > 0, such that for all N E N* and all z E W, (||.|| denotes the infinite norm) 

N-l 

H [x \z ) - ^ < M N q N2 / 2fll \z\ N . 

^—0 oo 

Note that if z N F (see Theorem 2.2 for the definition of F) with N E N has entries 
in C[[z]], then z N FW X ^ is g-Gevrey asymptotic to z N FH along the divisor —A q z . 


We still consider (2.1). Let A E GL m (Ad(C*)) (see below for the existence of A) be any 
solution of 

(2.2) a q A = Diag {B lZ ^,..., B r z^) A = ADiag {B ^ 1 ,..., B r z^). 

From what precede, we obtain that for every A E C*\E, we get a meromorphic fundamental 
solution for ( 2 . 1 ) 

r[ A] := F&W A E GL m (VW(C*,0)). 


We finish the subsection by giving an explicit meromorphic solution of (2.2), but 
before, we need to introduce some notations. For a E C*, let us consider, 

Q q (z) := Y.q^z^ l q {z) M A lv \ 
t£L 

difference equations: 


A ^(*) '= a)' ^ th<3 q ~ 


• CT q Oq = Z0 q . 

• &qlq = lq H - 1* 
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Gq^-q,a — q ^ a . 


Let A be an invertible matrix with complex coefficients and consider now the decompo¬ 
sition in Jordan normal form A = P(D'U)P ~ 1 , where D' = Diag(dj) is diagonal, U is a 
unipotent upper triangular matrix with D'U = UD ', and P is an invertible matrix with 
complex coefficients. Following jSauOOj . we construct the matrix: 

k qA := P (Diag (A qA ) e 1 P" 1 € GL m (c (l q , (A ? ,„) aeC .) ) 

that satisfies: 

®qA q ,A = AA qA = A Qj aA. 

Let a E C* and consider the corresponding matrix (o) E GLi(C). By construction, we 
have A qA = A q (a) . 


Then, the following matrix is solution of (2.2) 

A 0 :=Diag(A g , Sl 0 g (zf 1 x Id mi ,..., A 9 iBr 0, (zf r x Id m J E GL m (M(C *)). 

Note that the family of solutions ^ j ^ ^ are involved to build topological 


generator for the local Galois group of ( 2 . 1 ). See }RS071 IRS09) . 


3. Integral representation of the meromorphic solutions 


Sauloy’s algebraic summation, see |Sau04a ]. gives an explicit way to compute the 
meromorphic solutions of § 2 . 2 [ Unfortunately, the behaviour of the expression of the 
solutions when q goes to 1 seems complicated to understand. Under convenient assump¬ 
tions, we are going to give in this section, another expression of the meromorphic solutions. 

For g = Ya=u91^ e C (( z )) \ {0} with g n / 0, let t 0 (g ) := g n . Throughout the paper, 
we will make the convention that to(0) := 0. We remind that vq denotes the z-valuation. 
Let us consider /i,..., / m E C ({ 2 }) of ( |2.1[ ) and assume that (non resonance condition) 

(3.1) u 0 (1 + (q ~ 1 )fj) =v 0 {l + (q~ l)fk) => *o(l + (Q ~ 1 )fj) £ <?t 0 (1 + (q - 1 )fk) ■ 

Note that if the Newton polygon of ( |2.1| ) has only positive slopes with multiplicity one, 
then the non resonance condition is satisfied. The next lemma gives the expression of the 


bloc diagonal matrix appearing in Theorem 2.2 


Lemma 3.1. There exists a unique {gj } k) '■= G E GL r 
all 1 < j < m, vq( gjj) = 0 , to (9j,j) = 1 > such that 


z))), upper triangular with for 


C = G 


Diag 


V 0 (l+U-l)/l) io (1 + ( 9 _ l) fl ) , . . . , (1 + (g - 1 )/„ 


J <y„ 


Proof. Due to the assumptions we have made on fi,...,f m , For all 1 < j < m (resp. 
1 < j < k < m) there exists c/j^ E C[[z]] with constant term equal to 1 (resp. (jjj- E C((^))), 
solution of 

z vo{l+(q-i)fj) to (1 + (q- 1 )fj) (T q gjj = (1 + (q - l)fj)gjj 

resp. 

( 3 . 2 ) z v 0 (i+(q-i)fk) t 0 (1 + (q- 1 )f k ) cr q g jjk = (1 + (q - 1 )fj)gj,k + (<? ~ 1 )9j+i,k■ 

For 1 < k < j < m, put gj f. := 0. Then (gj.k) '■= G is the unique matrix that satisfies the 
required properties. □ 


Remark 3.2. Note that the matrices Bj of Theorem 2.2 are all diagonal. 
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Remark 3.3. Using (3.2), we obtain that if for all 1 < j < rn. wo(l + (q — 1) f 3 ) < 0, then 
z eA G(z, q ) G GL m ^C[[;z]]J. More precisely, let 1 < j < k < m. We have 


k -1 


vo ( 9j,k ) = - E u o(l + (<? - 1 )fe)- 

t=3 


Let us define E C C* as in 12.2 and let A G GL m (Ad(C*)) be any diagonal matrix 
solution of 

a q A = Diag (*«o(i+(9-i)/i)t 0 (1 + (q - 1 )f 1 ),..., z M^-i)M to (i + ( g _ 1 )/ m )) A 

= ADiag (zM'+to-Wto (1 + (q - l)h ),..., ^od+( ? -i )f m ) tQ (l + ( q - 1 )/ m )) . 

Using Lemma 3.1 we find that for every A G C* \ E, the fundamental solution for (2.1) 
defined in 12.2 is of the form 

(«£,*) := t4 A] = FH^A G GL m (A4(C*,0)). 

We will need a g-discrete analogue of the integration. For 1 VgN*U {+oo}, z G C*, let 
us set the Jackson integral 

[ f{t)dqt :={q- 1) X! / z > 

J 1~ Nz t=-N 

whenever the right hand side converges. Roughly speaking, Jackson integral degenerates 
into classical integral when q goes to 1 , which means that for a convenient choice of 
function /, we have on a convenient domain 


f(t)d q t 


9-^! Jo 


f(t)dt. 


Note also that for a convenient /, we have 


Example 3.4. Let m = 2, f\ := and '■= 0. Then, for some diagonal matrix 

A, for some convenient A G C*, z G C*, we have 


:= ^Vq( z X ) u a , i , 2 ( z )^ 


We want to give an integral formula for the entry u^\ 2 (z). Let us fix A G C*, z G C* such 


that for all JVgN, ' u ^\ 2 is analytic at q N z. Iterating the linear ^-difference equation 

°q (“£1,2) = (! + (9 - ^/l)"A,1,2 + (Q ~ !)> 
we find that for all JVgN*, 2 (z) equals to, 


n (i+(«-i)/i(^))+ e ( 9 - 1 ) n (i+(q-i)/i(^)). 

e=-N u=—N £=v+l 

Using additionally the g-difference equation 

(e^z" 1 )) = (1 + {q~ 1 )fi)e q (z~ 1 ), 


-1 


-1 


-1 


07, 


we find that, 


^a, ] 1)2 (*) = «£i ,2 (? **) + e q( z X ) l 


d q t 


lq~ N z e q {q-H- 1 ) t 
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This solution looks like a solution obtained via a g-deformation of the variation of constants 
method. Indeed, using this method, we find a solution of zdy — y = z given by 

t 

The goal of the next proposition is to generalise this example. 


rz i 

exp(z -1 ) / exp(—f^ 1 )- 

J o 


Proposition 3.5. Let A 6 C* \ S. For all 1 < j < k < rn, N E N*, and z£C*\ — Xq 1 
sufficiently close to 0, we have the equality of functions 


«£,*(*) = (9 **) 


u aL( Z ) 1 [A] / n / 2 


“AJj (9 _A ^) 


/ AJ+l,fc(*) d q t 

.[a; 


9 ** “aJj^) 1 


Let us fix zo E C* \ — Xq z such that for all integers 1 < j < rn, the func¬ 
tion u^Ajj is analytic on {q^zo,£<0}. If we assume that the following limit exists 


lim 

TV—H-oo 




integral 


r z 0 u 


[A] 

Aj+ljfc 


“aL('!‘' V 2o) 


—: cJ^h(3o)i then we obtain that the Jackson 


( t ) dgt 


0 u A ] ,j A#) 1 


q is well defined and that we have 


U A ] , j , k ( z o ) = c Aj , k ( z o ) u Aj , j ( z o ) + u AJj( z 0) J 7 


[A] 

A , j + l,k 


W dnt 


0 f 

Proof. Iterating the linear (/-difference equation 

(«!&,*) = U + (9 - fe + (9 - l)«Ai-+i, fc , 

we find for all IV E N*, k (z) equals (we remind that the empty product has value 1) 


-1 


-1 


- 1 


u \ti,k(fi N z) n ( 1 + (9-l)/i(9 JV ^))+ 51 (9-l)«Aj + i ifc (9 ,/ «) n (i + (Q — l)/y 
t=-N u=—N i=v +1 

Using additionally the (/-difference equation 

CT <? ( u aL) = C 1 + (9 - 1 )/i) tt Ajj; 


“S-j (*) 

“aIj (9“^) 


we find that 

«£,*(*) = U A ] ,j,k {d~ Nz ) 

Then, we obtain that k (z) equals to 




u 


[A] 

A,j+l,fe 


(*) d a t 


9 NZ U ^ A , j,j (9^) 


(3.3) 


u 


[A] 

A,j,fc 




*0 (&,fc) (9 (9 ^ 2 ) 


“aL 


(&,*) (9 — (i~ N z ) 

“£+!,*(*) dqt 


U A ] , j,j i ^ N z ) 


+ «£,,■(*) 


,q Nz u^jj(qt) t 


Let us fix zo E C* \ —\q £ such that for all integers 1 < j < rn, u^\jj is analytic on 
{q^zo,£ < 0} and assume now that the following limit exists 
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(3.4) 


lim 

N— H-oo 


to{gj,k){q N *o) MSj ’ k) u [ A,k, k (q Nz o) 


ALU""*,) 


_. .[A] 


= : c 


A ,j,k 


(~o)- 


We remind that vq (gkk) = 0- Then, the function 


r [A] 

l A,j,k 


to ( 9j,k ) z V0 ^ k) u [ ^ k k 


is g-Gevrey 


9j,k 


asymptotic to the series -r- 

to(9j,k)z“ u ' , ’ 3 ' K '9k,h 
constant term equal to 1, we find that 


■, — G C[[zl] along the divisor —Ag . Since gkk has 

i,k> £•- - ^ 


U A ] ,j,k(<l Nz 0 ) 


lim 

N— >-+oo 


*0 (hk) (q- N Zor^u^Jq-^z 0 ) 


= 1. 


Then, we use this limit, 


r *o u 


[A] 


and (3.4), to deduce that the Jackson integral 


c(*) d 0 t 


Ai +l,k -A j s we ll defined and that we have 


/0 U A t 


u AJ,k( z o) = c AJ,k( Z o) u[ AJ,j( z o) + u A ] ,j,j( z o) / - 

JO i 


[A] 

A,i+i,fe 


(t) dqt 


0 UajM) 


□ 


4. g-DEPENDENCY OF MEROMORPHIC SOLUTIONS OF LINEAR DIFFERENTIAL EQUATIONS. 

From now, we see q as a parameter in ]l,oo[. When we say that q is close to 1, 
we mean that q will be in the neighbourhood of 1 in ]l,oo[. Formally, we have the 
convergence lim 5„ = 5. In §4.1|we state and prove a preliminary result about confluence. 

g —M 


Given a linear differential equation A and a family of linear g-difference equations A q , we 


state that under convenient assumptions, a family of basis of meromorphic solutions of A q 
defined in { 2.2 converges, when q goes to 1, to a basis of meromorphic solutions of A. In 


14.2 we use the result of 14.1 on an example using an approach that will be generalized in 

14.3 where we state and prove our main result. Under convenient assumptions, we prove 
that given a linear differential equation A and a basis of meromorphic solutions, we may 
define a family of linear g-difference equations A q , that is a g-deformation of A, and for 
every g close to 1, a basis of meromorphic solutions of A q , that is one of these defined in 
12.2 and that converges, when q goes to 1, to the given basis of meromorphic solutions of 


A. We refer to 


33 for the notations used in this section. 


4.1. Confluence of meromorphic solutions of linear differential equations. Let 

us consider a family of equations (see below for the definition of the coefficients) 

I A q := (S q - f m (z,q))... (S q - h(z,q)) 

\ A := (*-/ ro (z))...((S-/i(*)). 

As in §[TJ ^2) we are going to see the equations as systems: 

f d q Y(z, q) = C(z,q)Y(z,q ) 

\ 5Y(z) = C(z)Y(z). 

Let us assume that: 

(HI) For all q, z i-A fi(z, q) G C({z}), ... ,z >->■ ,/ m (z, g) € C({z}). Furthermore, assume 
that A is a linear differential system in coefficients in C({z}) and /i,..., f m £ C((s:)). 
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(H2) For all 1 < j < m, to(fj) and arg (to (./})) converge when q —> 1. Moreover, we 
assume that for q sufficiently close to 1, r>o(l + ((/ — 1 )fj) is constant, satisfies for all 
1 < j < k < m, Vo (1 + (q — 1 )fj) < Vo (1 + (q — 1 )/&) and the non resonance condition 
(3.1) is satisfied. 


(H3) For all 1 < j < k < m, v 0 < v Q (a). 


Previous assumptions and Lemma 3.1 imply the existence of a set of singular directions 
S C M, finite modulo 27T, such that for all A E C* with d := arg(A) Gl\E, for all q close 
to 1, for every z i->- A (z, q) E GL m (A4(C*)), family of diagonal matrices solution of 

(4.1) 

a q A = Diag (1 + (q - l)/i) ,..., (1 + ( q - A 

= ADiag (^o(i+M/i)^ (i + ( g - 1 )/,),..., ^o(i+( Q -i )M tQ (i + ( g _ l)/ m )) , 

we may consider ( ?i !\ j fe( z , ( l)) := g ), the fundamental solution for 

the (/-difference system 5 q Y(z,q) = C(z,q)Y(z,q), which is defined in 12.2 and 
Diag ^e Lllog G)e AlXldm i,... ,e z ' r ' log G)e ArXldmi '^, the fundamental solution for the 

system SY(z) = C(z)Y(z ), which is defined in 11.2 Until the end of the subsection, we 
fix A E C* with d := arg(A) eR\E. Theorem 

0 


1.2 


A =[5-S d 


states that 

(/>))■ 


Until the end of the subsection, we fix a, e > 0 and we set 


Dd,a,e := jz E C z E S (d — e, d + e) , with \z\ < a| . 


Definition 4.1. Let z f(z, q) that is nreronrorphic on any compact subset of Dd : a,e for 
q close to 1. We say that / E if for every K , compact subset of D^ a ,e^ there exist 

qo > 1, Aq E N*, and Mq > 0, such that for all q E] 1 , </o[, N > Nq, z E K, 




-N 

q z,q 


< M 0 . 


Remark 4.2. Note that is a ring. 

Until the end of the subsection, we fix 2 A (z,q) E GL m (A4(C*)), family of diagonal 
matrices solution of (4.1). We assume that: 


(H4) For all 1 < j < m, we have the uniform convergence in every compact subset 
of D<i, a ,e to the function with no zeroes on Dd a e 


lim u Aj,j ( z > 9) = : U A G A{d -e,d + s). 


(H5) For all 1 < j < m, 


[A] 

“AJ+lj+1 


za. 


( 45 ,) 


Remark 4.3. In 14.3 we will show that on a convenient framework, 


we may chose the matrix A such that (H4) is satisfied, 

there exists a direction d E M, and a, e > 0 such that (H5) is satisfied. 


Let (gj,k(z,q)) := G(z,q) be the formal matrix defined in Lemma 


3.1 


that satisfies 


C(Z, q ) = G(z, g ) [Diag [z^+^^to (! + (</- l)/i),..., (1 + ( q - 1 )/ m ))] ( 
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We are going to see in the proof of Theorem 4.5 that we may define 
(^A j k( z )') = Ufa) £ GL m („4,(d — e, d + e)), upper triangular matrix with diagonal terms 
defined in (H4), as follows: for all 1 < j < k < m, for all z G Ddae 

(i) dt 


set 


u A,j,k( z ) : = u A,j,j( z ) I ~ 
J 0 


Aj+l,/c 




One may check that whether it is defined, t/J is a fundamental solution for 

SY(z) = C(z)Y(z). 


Remark 4.4. Note that U^ is not necessarily one of the fundamental solution defined in 
f 1.2 However, since they are meromorphic fundamental solution for the same linear differ¬ 
ential system, there exists G GL m (C), such that UfC^d equals to the corresponding 
fundamental solution defined in 31.21 


We may now state the main result of the subsection. 

Theorem 4.5. We have uniform convergence 

lim U%\z,q) = Ufa), 

in every the compact subset of Dd, a ,e- 

Before proving the theorem, we prove two lemmas. We refer to 
the Jackson integral. 


I for the definition of 


Lemma 4.6. Let f G B d, a ,e that converges uniformly to f G A(d — e, d + e) in every 
compact subset of Dd, a ,e, when q goes to 1. Then, for all z G Dd, a ,e, f or all Q close to 1, 


f(t,q)d q t is well defined and belongs to 


i,a,e 


(resp. / f(t)dt is well defined and 


belongs to A(d — e, d + e)). Moreover, we have the uniform convergence 


lim / 

Jo 


f(t,q)d q t= / f(t)dt, 


in every compact subset of Dd, a ,e 


Proof of Lemma 4 . 6 . Let K , be a compact subset of Dd t a,e, Qo > 1, No £ N*, and Mq > 0, 
such that for all q G] 1 , qo[, N > Nq, z G K, we have 




-N 

q z,q 


< M 0 . 


We now use the uniform convergence of / on a compact subset of Dd, a ,e that contains 
^q^ N z z G K, 1 < N < N 0 ,q G]l,go[}> to deduce that there exist q\ > 1, and M\ > 0, 


such that for all q G] 1, q\ [, N G N*, z G K, we have 
for all q close to 1, for all z G K, the Jackson integra’ 
all N G N*, 


(4.2) 




-N 

q z,q 


rq N z 


q~ N z 

/ f(t,q)d q t 

< 

Jo 




< Mi. It follows that 
fo f(t, q)dqt is well defined and for 

Mi. 


Since Jq f(t,q)d q t is a series of analytic functions, we obtain that for all q close to 1, 
z eA Jq f(t, q)d q t is analytic on K. To deduce /J f(t, q)d q t G B d, a ,e, we use (4.2). 

The facts that / f(t)dt is well defined, belongs to A(d — e,d + e) and the uniform 
Jo 

convergence 


lim / 

9- 5 - 1 Jo 


f{t,q)d q t= / f(t)dt, 
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in every compact subset of D dae , is a straightforward application of the dominated con¬ 
vergence theorem, we may apply because of (4.2). □ 


Lemma 4.7. For all 1 < j < k < m, for all z E D dae , for all q close to 1, the following 
limit exists 

r to {gj,k{z, q)) (q~ N z) V0 ^u [ ^ k k (q~ N z, q) [A] 
lmi - fw- 1 - =: ?)• 


N->-\-oo 


U A q ) 


Moreover we have the uniform convergence lim Az.q) = 0 on the compact subset of 

Dd,a,e ■ 


Proof of Lemma f. 7 Let us fix 1 < j < k < m. Due to the hypothesis (H5), we have the 
uniform convergence on the compact subset of D d ^ a:E 

v ,. u A ] ,k,k(9~ N z,q) 

lim lim — rn —- = U. 


We additionally use 


q^lN^+ao .(q~ N +^ Z ,q) 

A,k,k(<l~ N Z ’Q) 


W A,fc,fc(9 **>?) 


«) (! + («- *))v [ LM- N z, q) ’ 


Ai J v 


and Remark 


3.3 


to deduce that for all 2 E D dae , lim 

’ ’ IV—y+oo 


{q N z) V0 ^• k ^u^ k (q N z,q ) 


u aL-( 9 _JVz >?) 


exists and we have the uniform convergence 


‘,3,3 


lim lim 

q—¥l N —>+oo 


(q- N z) V0 ^u [ ^ k (q- N Z,q) 


«A j,j(q N Z,q) 


= 0 , 


on the compact subset of D da ^ e . Using (|3.2l) and the fact that (H2) is satisfied, we obtain 

that the following limit exists lim to (g~ Az , q) ). This concludes the proof. □ 

9^1 


Proof of Theorem f.5. Let 1 < j < m. The uniform convergence in every compact subset 
of D d , a ,£- 

u ^3,3 = <,3,3 

is the assumption (H4). If m = 1 the proof is complete. Assume that m > 2. 
Let us fix 1 < j < k < m. Let us prove that u d ^- k {z) is well defined for z E D dy a,e, 
u d \ jk ^ — £, d + e) and that we have the uniform convergence in every compact sub¬ 

set of D d)a ^. 

lim , = ui ,• 

<?->! A ’l’ k A ’ J ’ k 


Because of Lemma 4.7 we may apply Proposition 3.5 with the pairs {(u, k) \j <v< k}. 
Then, we obtain that k (z, q) equals 

q ) = ° l £i,k( z ’ 9)“a1j( z ’ ^ + ul &,M ?)> 


where 
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f a\{ z ^) '■= 


'■= 


C W 

L A,i+l,k 


0 ,q) 


u 


[A] 


(*>?) 


u 


[A] 

a ,e,e 


(qt, q ) 


+ 


u 


[A] 

A ^+ 1,^+1 


(t,q) 


u 


[A] 

A,e,e 


{qt, q) 


F , 


[A] 


A,f+1 


(M)^ 


if j < £ < k - 2 


“A,fc,fcM) 


/0 t 
Let us set, whenever the functions are well defined 


<<(*) ~ , 

’ Jo 

F lk -iW == 


r “ «1 /+m+i(*) 


^ A 0 0 (^) 


d 

AJtJL 

K ,*,*(*) 


7 d 

A /+1 

dt 


(t) 


dt 


if j < l < k - 2 


0 u A,fe-l,fe-l( i ) t 


Because of (H4) and (H5), we may use Lemma |4.6| to deduce that 


;,a,e? 


F S-i 6 

-La i s we H defined for z E Dd <a ,e and Ff_ fc _ 1 E A(d — e,d + e), 

we have the uniform convergence in every compact subset of D c \ a £ , 

= F A,k—li z )' 


We now use (H4) and Lemma |4.7| to deduce that for all j < l < k — 2, we have the 
uniform convergence in every compact subset of Dd t a,s 


JA] 


linr c i ; j ,, , k (z, q)- 


u 


[A] 

A,£+1,M-1 


{z,q) 


u 


[A] 

A,e,e 


{qz,q) 


linr 


u 


[A] 

A,t+l,t+\ 


{z,q) 


u 


A,t+l,t+l 


= 0 


(*) 


ZUf 


e( z ) 


q zu^ ee {qz,q) /JU, A/,t\ 

We use the above limits, whose functions involved in the left hand side are elements of 
B>d,a,e (see (H5) and Lemma |4.7[ ) , and the fact that B^ i0)E is a ring (Remark |4.2| ) , to apply 
Lemma |4.6| and deduce that if, j < £ < k, and 

• F a\ ^ 

• Fjl f,(z) is well defined for z E Dd A ,e and F^ £ E A(d — e, d + e), 

• we have the uniform convergence in every compact subset of Dd, a ,£, 

= F A,e( z )i 


then 


_p[ A] p 

r A/-l 
?d 


1 


F/{ l-\{z) i s we d defined for z E Dd t a,e and F^ e _ 1 E A{d — e, d + e), 

• we have the uniform convergence in every compact subset of Dd,a,e 

limLik-i(^) = F\£_i{z). 

From what precede, ■ k (z) is well defined for 2 E Dd, a ,e , j k e -d(d — e, 4 + e), and we 
have the uniform convergence in every compact subset of Dd t a,e- 
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We finish this subsection by making some comparison between Theorem 4.5 and two 
confluence results of the same nature. 


Remark 4.8. We are now going to state [DVZ09| . Corollary 2.9, which is the particular case 
of mm, Theorem 2.6, where the coefficients of the family of linear (/-difference equa¬ 
tions do not depend upon q. Let p = l/q and let 5 P : = g ’ 9 p _ 1 id , which converges formally 

to 6 when p -A 1. Let z i-a h(z,p) G C {z} that converges coefficientwise to h(z) G C[[z]] 
when p -A 1. Assume the existence of bo,... , b m G C[z], such that for all p close to 1, we 
have 

b m (z)S™h(z,p) 4-b bo(z)h(z,p) = 0 

b m (z)S m h(z) H-b b 0 (z)h(z ) = 0. 

Moreover, assume that the series B\ (jij belongs to C {z} and is solution of a linear dif¬ 
ferential equation which is Fuchsian at 0 and infinity and has non resonant exponents 
at oo. 

The authors of [DVZ09j conclude that for all convenient d G M, 


lim h{z,p) = S d (hj (z), 


uniformly on the compacts of S (d — |, d + |), where S d (h) is the asymptotic solution of 
the linear differential equation that has been defined in §1.2[ 


Remark 4.9. Let us now state |Drel4b] . Theorem 4.5, in the case where the coefficients of 
the family of linear (/-difference equations do not depend upon q. Let z h(z, q) G C[[z]] 
that converges coefficientwise to h(z) G C[[z]] when q —> 1. Assume the existence of 

polynomials bo,... , b m G C[z], such that for all q close to 1, we have 

b m (z)6™h(z,q) 4-f b 0 (z)h(z,q) = 0 

b m (z)6 m h(z) H-b b 0 (z)h(z ) = 0. 

In |Drel4bj . we prove that for all convenient d G M, for all q close to 1, we 

may apply a (/-deformation of the Borel-Laplace summation to h(z,q), to obtain 

z eA (Jij ( z,q ) G A4(C*), solution of the same family of dq-equations as h. Moreover, 
we have 

Jim S® (h) ( z,q) = S d (h) (z), 

uniformly on the compacts of S (d — d + ^), for some e > 0. Note that in general, 
(fij has no link with the meromorphic solutions appearing in 12.2 


4.2. An example. In 14.3 we will explain how to apply Theorem 4.5. The goal of this 
section is to give an idea of the method we are going to use on an example. Since everything 


will be proved in 14.3 in full generalities, the proofs in this subsection will be omitted. 
Consider __ 

A := (d + 2^- 2 ) (<5 + ^ -1 ) 5- 

We have a formal solution given by the method of the constant variation: 


U{z) : = 


exp(z 2 ) exp (z 2 ) [ 

Jo 


0 

0 


exp(t^ i ) dt 
o exp(f -2 ) t 
exp(z _1 ) 

0 


exp(z 


— 2 \ 


exp(t 


-i\ 


1 


dt du\ 


Jt=o Ju=o exp(f 2 ) exp(n x ) t u 
, f z 1 dt 
exp(z ' 1 


/o exp(t x ) t 
1 


/ 
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We want to give an analytic meaning of U(z). The entries of the matrix U are analytic 
if the integrals converge. The integrals converge if and only if exp(ez _1 ) and exp(£z~ 2 ) 
tend to 0 when e —y 0 + . Therefore, the entries of U are analytic on the sector S 

and on the sector S For the simplicity of the exposition, let us drop the second 

sector. 




Figure 1. Limit of exp (ez x ) when e -A 0 + (left). Limit of exp (ez 2 ) 
when e —> 0 + (center). Domain of analyticity of the entries of U(z) (right). 


Let us now consider 

Aq, ■= (5q + 


(i + q)q z 


— 2 ~ —2 


1 + {q— 1)(1 + q)q~ 2 z~ 2 


5 a + 


q-'z- 1 


1 + (q— 1 )q~ 1 z~ 1 


Note that A q is a (/-deformation of A. For convenient A G C*, for z € S (^, . for some 

diagonal matrix A, we have the existence of z i-A c^\(z, q), c^ 2 (z, q), c^ 3 (z, q) meromor- 
phic on S and invariant under a q , such that U^\z,q) equals to 


^e q 2 (z 2 ) e q 2 (z 2 ) 

0 

V o 


f z e q (t x ) d q t 
l 0 e q 2 {q- 2 t~ 2 ) t 

e q (z~ l ) 

0 


e q 2( Z - 2 ) r r 

Jt=0 Ju 


e-q{t x ) 


1 dqt d q u\ 


t=oJu=oe q 2 (q 2 t 2 )e q (q 1 u *) t u 
z 1 d„t 


e q (z X ) [ 

Jo 


where C^(z, q) : = 


( \ cjj^z, q) c [ ^ 2 {z,q)^ 


rem 


V° 


i 

o 


c £a( z >9) 

1 


o e q (q l t !) t 
1 


One may check that assumptions of Theo- 


/ 


4.5 are satisfied. Therefore, there exists a > 0 such that we have uniform convergence 


lirn U [ ^ ] (z,q) = U(z), 

q—>l 


in every the compact subset of E S ( \z\ < a|. 
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4.3. ^-deformation of meromorphic solutions of linear differential equations. 

Let us consider a linear differential equation in coefficients in C({ 2 ;}) 

A:= [(*)), 

with m > 2, for all 1 < j < m, fj G C((z)), v 0 (/i) < ■ ■ ■ < v 0 (Jm) and u 0 < 0. 

As in §[l] we are going to see the equation as a system 5Y(z) = C(z)Y(z). 

Remark 4.10. Note that the Newton polygon of A have m distinct slopes with multiplicities 
one. Moreover, every linear differential equation 

m— 1 

e=o 

with m > 2, do,... ,a m - 1 G C({^}), and vq (a m -i) > ■ ■ ■ > vq (ai), vq (ai) < vo (ao) is of 
the wished form. 


1.2 


that is not one of the singular directions of 
let us chose u d J . non zero meromorphic solution 


For 1 < j < m, and d G 
5Y(z) = C(z)Y(z), see Theorem 

of diij j = S d ^ fjj Ujj. Let us introduce, whether it is defined, (u d k (z)J := U d (z), upper 
triangular matrix with, for all 1 < j < k < m, 

u d j, k {z) := u d j{z) 


u 


'j+l,k 


(t) dt 


’o “&■(*) t 

We may check that if it is defined, U d {z) is a meromorphic fundamental solution for 
SY(z) = C(z)Y(z). The goal of this subsection is to 

• prove that U d (z ) is well defined for some d G M, and some zG C*, 

• construct a family of linear g-difference equations A q that discretizes A, 

• build a family of meromorphic fundamental solution for the family of systems 
attached to A q , that is, for q close to 1 fixed, one of the meromorphic fundamental 
solution defined in {2.2 and that converges to U d (z) when q goes to 1. 

Step 1: Domain of definition of U d (z). 

OO 

Lemma 4.11. Let us write ^ fj,£* ■= fj, with fj qij / 0. There exist e > 0, d G M, 

£=Uj 

such that for all z G S(d — e,d + e), and for all 1 < j < m, 

-l 


lim 

a:—»0 + 
£GM>o 


exp 


(/j+i,o log(xz)^ exp (—£ 1 f j+ 1 / (xz)^ 


t~Uj +1 


-l 


exp 


((/.?',o + f) log(xz)) J|exp(-f 1 f j 4 xz) t ) 


= 0. 


Proof. Since vo (^fij < ■ ■ ■ < vq < 0, it is equivalent to prove the existence of e > 0, 
d G M, such that for all z G S(d — e, d + e), such that for all 1 < j < m, 


lim 

x— >-0 + 
zeR>o 


= OO. 


For all 1 < j < rn 
longs to the open set [J 


lim 

£—>0 + 

OO 


k=— oo _ 


exp (-fij fj, H ( xz 

exp iTj^fj,^ (xz)^ j = oo if and only if arg(z) be- 

>arg (~fj, H ) 


arg 


( fhuj) 


+ 


2 kTT 


Tj 


2 kn it 

H-a— 

l- l j 2/j.j 


Let 
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K := hi x ■ ■ ■ x Hm- 1 - Let £q > 0 such that for all l G Z, + £o does not belong to the 
border of 


m— 1 / — 1 

n u 


arg 


( /w) 


2kn it 

H-,arg 

Mi 2^- 


( /w) 


2kir 7r 

H-l~ 7,— 

Mi 2/xj 


i=i y fc=o 

Then, to prove the lemma, it is sufficient to prove the existence of l G Z, such that 


Lit "p 1 AyY 

— + £o G p| u 

j=i V fc=o 


arg - 


( /i.Mj) 


+ 


2fc7T 7T 


Mi 


, arg - 


( /w) 


+ 


2/c7T 7T 

+ 


Mi 


If m = 2, the proof is completed. Assume that m > 2. For 1 < j < m, let Ej, be the set 
of integers £ in Z, such that 

1 "' - - 2kir n / ~ \ 2^7t 7t 


^71 l | 

— + £ 0 G U 

k=0 


arg - 


( /w) 


+ 


Mi 2p j 


- — > ar g (-/i, W ) + — + — 


Mi 2/Jj 


Let us write 2 K = 2 x 2 a ° x p^ 1 x • • • x p“ r , the decomposition of 2/C in product of prime 
numbers. For p prime number, let v p be p-adic valuation. 

We claim that for 1 < j < m, there exists lj G Ej, such that for all v G {0,... 


V Pv (u, ) . „ . V Pv{^) 


for all 1 < j < k < m, the projections of lj mod p v 3 and Ik mod p v onZ/pj^Z 
are equal. For 1 < j < m let us fix an arbitrary lj G Ej. Let v := 0 and po := 2. We 

do the following operation. Let 1 < j u < m, such that v v „ (—= max \ v VtJ \ — ] ]. 

ww i <j<m y ypj J j 

By construction, E j is an union successive sets of consecutive -jj- integers separated by jf 
consecutive integers. Then, for all 1 < j < m with j / j v , there exists Kj_ u G Z, such that 

L/ := ^i + Kj,v 


v Pi(lI7) 

Pi 


i =0 


G Ej, and such that for all 1 < j < k < m, for all 0 < i < is, 

the projections of l'j mod p i ’ and l' k mod p^ ^ on Z/p“’Z are equal. It follows 
that we may replace lj by lj , and reduce to the case where for all 1 < j < k < m, for all 




0 < i < v, the projections of lj mod p i 3 and l\. mod p i 1 l>k on Z/p“‘Z are equal. 
We do the same operation for u = 1,..., n = r. This proves our claim. 


Let 1 < j-\ < rri, such that V 2 


K 

Vj-i 

I< 


f I K\\ 

= max \V 2 — • We remind that S 7 - is an 


1 <j<m 


. Mj 


union successive sets of consecutive P- integers separated by jf consecutive integers. For 
all 1 < j < m with j / j_ i, we again replace lj by lj + Kj^p- G E j for some k j G Z, to 
reduce to the case where for all 1 < j < k < m, for v G {1,..., r} (resp. for v = 0), the 

projections of lj mod p v and Ik mod pP^*^ on Z/p“^Z (resp. on Z/2 ao+1 Z), are 
equal. 

Due to the Chinese reminder theorem, there exists an integer 0 < no < 2 K, such that 
for all 1 < j < m, 

21< 

no = lj mod -Z. 

Mi 

Then, we have 


m— 1 / fJ>j — 1 

+ e° G P (J 

i=i \ k= o J 
This concludes the proof. 


np-rr 

I< 


arg 


( fwj) 


2kir 77 


Mi 2 pj 


, arg 


( /i.w) 


+ 


2kl7 77 

+ 


Mi 2 pj 


□ 
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Without loss of generalities, we may assume that the real number d G M of Lemma |4. 11 
is not one of the singular directions of SY(z) = C(z)Y(z) defined in Theorem 
follows that: 


1.2 


It 


Corollary 4.12. There exist dER, and £ > 0, such that 

U d (z) G GL m (A(d — s, d + e)). 


Step 2: Construction of the family of g-difference equations. 

We would like to define a convenient family of g-difference equations that discretizes A, 
A g := (5 q - f m (z , q))... (S q - fi(z, g)) with for all 1 < j < m, z i-4 fj(z, q) G C({z}). But 
before, let us introduce some notations. Let p = 1/g and define the p-exponential: 

OC pi 

e P ( z ) : = 55 e C W, 

n =0 L *P 

where [n]' p := nE=o[^]p, i^\p := (l + ... + p l ~ 1 j- Its radius of convergence is j^L_. For all 
zG C with \z\ < one may check that we have |e p (,z)| < e p (\z\). Hence, the dominated 
convergence theorem gives that we have the uniform convergence in the compact subset 
of C 


(4.3) 


linr e„(z) = exp (z). 

p—>i 


Let us also define the p-Ganrnra function 


r P (z)=(i— p) 1- ^ n 


1 — p ‘ 


.n+1 


±J 1 1 - p n + z 
n =0 

It converges to the classical Gamma function when p —> 1 and satisfies 


r p (z + i)= 1 -^r p (z). 
i —p 


For t G N*, set 


B 


'p,e 


c{4 

n> 0 


c{C} 

CLn 


c 


Let us now define Let f>° := ^ ^fj/z e , and ff Q := ^5 fj^ so tliat 

i= i e=p.j 


fj = />° + f f °. Since A is a linear differential equation in coefficients in C({z}), we 

may apply Theorem 1.2 to deduce for all 1 < j < m, the existence of a decomposition 

7>o 7>o I .. i 7>o 
J j J j,1 ' ' J j,r ’ 

with ff’® G Eg k , for some G N*. 

For all 1 < j < m, let us define = f j® + • • • + fj*®, where for all 1 < k < r, the 
function z 1-4 f>£(z,q) G C {z} is defined such that for all q close to 1, 

9j,k := B pAk (/>°) = % (/> fc °). 

Let 1 + (g — 1)/^° := 1 + (g — 1)/^° and for all 1 < j < m, let us set 
z i-4 ff°(z, q) G C{z -1 }, such that for all 1 < j < m, 


1 + (g - l)// + °i 

g (i + (g - i)/f°) 


- 1 + (g - 1) (/< + °i 



(4.4) 
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Finally, we set z i-A fj(z,q ) G C({z}), such that 

1 + (q~ 1 )fj ■= (l + (q ~ 1)//°) (l + (Q ~ 1)//°) • 


Lemma 4.13. There exists a > 0 such that the functions fi ,..., /> u belong to B d,a,e- 
Moreover, for all 1 < j <m, we have the uniform convergence lim fj = S d (fj'j in every 
compact subset of D^ a ,£- 


Proof. By construction, it is sufficient to prove the existence of a > 0 such that the 
functions /f" 0 ,..., />° belong to B^e and for all 1 < j < m, we have the uniform 

convergence lim f^° = S d ( y fj > °^j in every compact subset of Dd,a,e- 

In (2.11.1) of [ DVZ09] . we see that for all 1 < j < m and 1 < k < r we have 

/,>(*>?) = J o q 1 9j,k (c 1/£j ' k ) e p (: p(/z e *’ k ) d q C 

Moreover, we have 


id&A u 

rooe 


9j,k (C 1/4fe ) exp (C /****) d(. 


In [ DVZ09 1. Page 11, we see that for all / G C{z}, for all p < 1, we have the equality 


(4.5) 


/j. fc 

9- 


1 (/) (C V4fe ) e P (K/^’ fc ) = f(z). 


Using (4.3), the fact that for all z G C with |z| < we have |e p (z)| < e p {\z\), and (4.5), 
we may apply the dominated convergence theorem, in order to obtain that for all a > 0 
sufficiently small, we have the uniform convergence lim fj" 0 = S d (/j* 0 ) in every compact 


q—t 1 “ ^ 

subset of D^ aje . Since for every a > 0, B^a.e is a ring, see Remark 14.21 it is now sufficient 
to prove the existence of a > 0 such that for all 1 < j < m and 1 < k < r, we have 
/> fc ° € B dia , e . 

Let us fix 1 < j < m and 1 < k < r. Because of the definition of §» there exist 
Jj,k, Lj,k > 0 such that 

\9j,k(C)\ — Jj,k exp ^ ,k 

We remind that for all 2 G C with \z\ < we have | exp(*)| < e p (| 2 i|). Therefore, for all 
q close to 1, for all z G D^ a ,ei we obtain 


1— 


/£*(*,?)| - 9 1 ■ 7 J,fc e p( i I / fc i,fc Kl)e p (|K/« i 


j,k 




Let a > 0 with for all 1 < j < m and 1 < k < r, cr-'A < l/Lj^. Let us remark that for all 
p < 1 for all z G D f j a£ , we have the equality of functions 


(4.6) 


B 


J 




j,k 


v 1 - 


.ij'k ) ~ Jj’k e P {Lj,kC^) ■ 


Therefore, if we combine (4.5) and (4.6), we find that for all z G D^aei f° r all q close to 1, 
there exist d(z,q),6'(z,q) real functions, such that (note that the right hand side is well 
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defined due to ar^ k < 1/Lj ^) 


(4.7) 


Q~ 


< 


J j,k 


l-L j , k e ie ( z ’i'>{e ie '( z ’i'> zyi’ k 




Since cr^ < 1/Lj^, this proves that for all 1 < j < m and 1 < k < r, we have fj® E 
This concludes the proof. □ 


Step 3: Construction of the family of solutions 

We consider 


A q = (Sq- f m (z,q)) ...(Sq- fi{z,q)) 
A = (■ 5-f m (z))...[d-f 1 (z)) 1 


E C((z)) have been defined in the beginning of the subsection and 

As in 0© we are going to see the 


where 

f\,.... fm have been defined before Lemma |4.13 
equations as systems: 


5 q Y(z,q) = C{z,q)Y(z,q) 
SY(z) = C(z)Y(z). 


By construction, wg obtnin thut the assumptions (HI) to (H3) of 1 |4.1| are satisfied. 
Without loss of generalities, we may assume that for all A E C* with arg(A) = d, 
for all q cl ose to 1, for all z i-t A(z,q) E GL m (_A/f(C*)), family of diagonal matrices 
solution of (4.1), we may consider U^\z,q), the fundamental solution for the system 
S q Y(z , q) = C(z, q)Y(z , q), which is defined in § |2.2[ Until the end of the subsection, we fix 
A E C* with d = arg(A). We remind that for all 1 < j < m, u d j, is a non zero meromorphic 


solution of Suj j = S d (Vi) u‘ 


d 

'j,j' 


Lemma 4.14. There exists z e-)- A (z,q) E GL m (A4(C*)) ; family of diagonal matri¬ 
ces solution of 0). such that for all 1 < j < m, we have the uniform convergence 
lim (z, q) = ufjz) E A(d — e, d + e), in every compact subset of D^ae- 

q —>1 t'-’J’J 


Proof. Since two non zero solutions of 5yj = S d ^fjj yj equals up to a multiplication by 
a non zero complex number, it is sufficient to prove that for all 1 < j < m, there exists 
z ^ Uj{ z i d) £ A4(C*, 0), that satisfies a q yj(z,q) = (l+(q—l)fj(z,q))yj(z,q), suchthat we 
have the uniform convergence lim yj(z, q) =: yj(z) E A(d — e, d + e), in every the compact 

subset of Dd t a,£. 

Let us fix 1 < j < m. Let us define z Wj(z,q) E A4(C*,0) D C {z -1 } with constant 
term equals to 1 that satisfies 


a gWj 


Wj 


(l + (q-l)ff) [A 9 l+(g _ 1) ^ o n v 1 fj^) 




On 


A 


q,l+(q-l)f. 


, 0 n v (-* l i 


j,£ z 


e=/ij 
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By construction, we have 


a q \w j ( z ,q)A q l+{q _ 1) j jo I] e p e (-£ l f jA z e ) 

\ __ 

-i __ 

W ^ Z ^ A q,l+{Q-m, 0 n 


= i + (9-i)/r°- 


Let us fix K, a compact subset of D^s, and for N E N*, z E K, set 

-l __ -i 

Vj,N(z, q) := wj{z, q)\ 1+ ( q _i)f.' 0 II V {~ rl fj/ z£ ) II 1 + (<? - 1 )fj > °{q U z, q). 




u=—N 


Lemma 


4.13 


tell us that /■ u E B d,a,£- Since its valuation is at least 1, we find that 


there exists a > 0 such that for all v < 0, for all z E K, for all q close to 1, 
|1 + (q — l)f^°{q u z,q)\ < 1 + (q — \)a\q v z\. Let us introduce the g-exponential 

00 ^.n 00 


( z ) := E or = II (! + (?-1)9 n ^ 


Ti—0 ^Iq 7i—0 


where [n]' q := Iir=oMg> Mg := (l + + Q l 1 j • It is analytic on C, with simple zeros on the 

N* 

discrete g-spiral and satisfies 5 q e q (z ) = ze q (z). Using the infinite product expression 
of e q , one finds that for all z E K, for all IV E N*, for all q close to 1, 


(4.8) 


-l 


II l + (9-l )ff\<fz,q) 

u=—N 


-1 


< n 1 + (q - ^)ot\q v z\ = e q { 


a z . 


In particular, the following infinite product is convergent: 

Vj(z,q) ■■= w j (z,q)A q lHq _ 1) ~ o JJ e pt (--T 1 /^) JJ 1 + (q - l)ff°{q v z, q). 

£=lij u=—oo 


Moreover, z i-a yj(z,q) E A4(C*,0), satisfies cr q yj(z,q) = (1 + (q — 1 )fj(z,q))yj(z,q). To 

conclude the proof, it is sufficient to prove the uniform convergence lim y(z,q) =: yj(z) 

g—ii 

in K. 

By construction, Wj(z~ x ,q) satisfies a linear g-difference equation of the form (remind 
that p = 1/q) 

°q 1 w j (z~ 1 ,q) = (1 + (q - 1 ) 2 &(*,9))Wj(* -1 ,9), 

where f3j(z,q ) E B^^e and z eA f3j(z,q ) E C {2:} has constant term equals to 0. Since 
z eA Wj(z, q) E C{z -1 } has constant term equal to 1, we obtain that for every s' > 0, for 
every z E K, we have for q sufficiently close to 1 


Wj(z,q)\ < 


[I l + (9-l)e , (9^“ 1 ) 



We may check that for all z E C, e q (e'\z\ x ) < exp(e / |z| 1 ). Therefore, we 
have the uniform convergence lim Wj(z, q) = 1 in K. The uniform convergence 

g->l 

lim A . , .. ~ = z^ j ’° in K can be deduced from Paee 1048 of IlSauOOl. The uniform 

q-> 1 g,i+(g-i)/j,o 1 - ! 

-1 _ -1 

convergence lim n v (~ £ = n exp £ 1 fj/z^ in K is a consequence of the 
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inequality above (4.3) and (4.3). Because of (4.8), we obtain that for all q > 1, for all 
z £ C, 


-l 


n i+(?-i)//vm) 


< e q (a\z\) < exp(a|z|). 


-l 


Then, the uniform convergence lim TT 1 + (q — l)ff’°(q I/ z, q) in K can be deduced 

q —>1 - L - L J 


with the dominated convergence theorem. 


This proves the uniform convergence 

□ 


lim y(z,q) = yj(z ) in every compact subset of D^ a ,. 

Step 4: Statement and proof of the main result. 

We are now ready to state the main result of the paper, but before, let us remind some 
notations. We still consider 

f \ = {&q~ fm{z,q))...(5 q ~ fl(z,q)) 


A = 


(<5 - /mO)) - /lO)) 


where /i,...,/ m £ C((z)) have been defined in the beginning of the subsection and 
/1, - - -, fm have been defined before Lemma 4.13 As in (JTJ §[2] we are going to see the 
equations as systems: 

J S q Y(z,q) = C(z,q)Y(z,q ) 

\ 5Y{z) = C(z)Y(z). 

Let z eA A (z,q) £ GL m (A4( C*)), family of diagonal matrices solution of (4.1) that has 
been defined in Lemma 4.14. Let A £ C* with arg(A) = d. Let U^\z, q ), be the fundamen¬ 


tal solution for the system 6 q Y(z, q) = C(z, q)Y(z, q), which is defined in { 2.2 We remind 
that for all 1 < j < m, u d j, is a non zero meromorphic solution of Su d j = S d (fj'j u d j and 
( Uj k (z := U d (z) £ GL m (A(d — e, d + e)), is an upper triangular matrix fundamental so¬ 
lution for 5Y{z) = C{z)Y{z) defined as follows: for all 1 < j < k < m, for all z £ Dd t a,e, 
set 


u tk( z ) '■= u< jA z ) 


r z u‘ 


-j+i,k 


(t) dt 


w) 


t 


After replacing a by a smaller positive real number, we may reduce to the case where for 
all 1 < j u d j does not vanish on Dd, a ,e- 

Theorem 4.15. We have the uniform convergence 

lim U l *\z,q) = U d (z), 

q—tl 


in every the compact subset of D^ a ,e- 


We want to apply Theorem |4.5| to prove Theorem 4.15 We already know that as¬ 
sumptions (HI) to (H3) are satisfied. Because of Lemma |4.14[ hypothesis (H4) is also 
satisfied. We have to check that the assumption (H5) is satisfied. This is the goal of the 
following lemma. 


Lemma 4.16. For all 1 < j < m, we have 


u 


[A] 

A,j+l,j+l 


zcr, 


Proof. Let us fix 1 < j < m. Because of (4.4), we obtain 
(4.9) 

.[A] 


“d,a,e • 


U 


On 


ZO n 


'A j + lJ+1 \ _ 1 + (g l)crq(fj) 1 + (g l)fj + 1 , \ ( f< 0 _ f 

(yMj) ) 1 + (9 - 1 Wq ( fj ) 1 + (q - 1 )ff ^ ^ j ^ i+1 


n'< 0 ^ 


[A] 

1J+1 


zo, 


(Ay 
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We remind, see Lemma 4.11 that for all z E D c j a £ , 

-l 


lim 

X—»0 + 

xSM>o 


ex P (/j+ 1,0 log(®z)) n ex p(-^ 1 fj+i,e( xz Y) 


«=/V+1 




exp 


((/j,o + i) lo g(.Tz)) IJexp(-£ 1 f jtt (xz) t ') 


= 0. 


Then, there exist a' E]0, a[ and M > 0, such that for every z E Dd,a’ ,e, for all q sufficiently 
close to 1, 


(4.10) 


! + (<? — !) (/,-+i - ff° ~ l) | > 1 + (q ~ l)M\z\*. 


The triangular inequality gives us 


1 + (q - l)c-g ( fj ) 1 + (Q - l )fj+ 1 

> 

!-(?-!) 

Vq(fj) 

l-(9-l) 

f >0 

Jj+1 

1 + {q- 1K (fj) 1 + (q- l)/f 0 

l + (9-l) 

(fj ) 

! + (?-!) 



Using this inequality, (4.7), (4.9), and (4.10), we find that there exists a" E]0,a'[, such 
that for every z E D^ a ",ei for all Q sufficiently close to 1, 


(4.11) 


da 


bVj+lJ+1 


Z<J, 


(4U 


> 


u 


[A] 

A,1+1,1+1 


Zt7, 


KL) 


We remind that Ujj does not vanish on Dd )a ,s- Then, with Lemma 

” ~d 


4.14 


we obtain that we 


have the uniform convergence lim 


u 


A, l+i, l+i 




l(-) 


— / m \ 2 -^TT\ “ G -A(d-e,d + e), in every 

q ^ l za q {u [X] .^ zuj^z) 

[A] 


compact subset of Dd t a,e- If we combine this fact and (4.11), we find 


This proves the lemma. 


A,1+1,1+1 


zu 


[A] 

A, 1,1 
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